MEAN VALUES OF CHARACTER SUMS ANALOGUE OF 
KLOOSTERMAN SUMS 



PING XI 

Abstract. Let g be a positive integer, x ^ nontrivial character mod q, X an interval of length not 
exceeding q. In this paper we shall study the character sum analogue of the well-known Kloosterman 
sum, 

gcd(a,(j) = l 

where a is the multiplicative inverse of a mod q. The mean square values and bilinear forms for such 
sums are proved. 



1. Introduction and statements of results 

Let (7 be a positive integer, and x ^ nontrivial character mod q. A nontrivial bound of the character 
sum 

(1) E^(/(^)) 

can lead to important applications in number theory, where jix) is a rational function and the summation 
is over a given set A avoiding the poles of /. 

Estimates for character sums enjoy a fruitful literature due to their powerful applications. The classical 
result for / being a linear function, independently proved by G. Polya [P] and L M. Vinogradov [V], is 
the upper bound 

xW<9^^^1ogg. 

n=N+l 

Later, D. A. Burgess [Bl, B2] developed a powerful method for estimating the character sum, which 
resulted in the great improvement, 

(2) x{n)^H^-'/'-q<^'-+^'>/^'-"+' 

n=N+l 

with r = 1,2,3 for any q and with arbitrary positive integer r if g is cube-free. It should be mentioned 
that J. Friedlander and H. Iwaniec [FI] have given a simple and illuminating proof for (2) using Fourier 
techniques and Holder's inequality. Recently, A. Granville and K. Soundararajan [GS] have managed to 
improve the Polya- Vinogradov bound partially, obtaining 

N+H 

xW <9'^'(logg)'"*«/'+" 

n=N+l 

for X primitive mod q and with odd order g, where Sg = 1 — ^ sin ^. 
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For the case of / being an arbitrary polynomial with integral coefficients, one has the estimate 

N+H 

x=N+l 

for X being a d-th order character mod p(prime) and f{x) a polynomial that is not a perfect d-th power 
(mod p), where the implied constant depends on the degree of f{x). This is a well-known consequence 
of the theorem, due to A. Weil [W], that the Riemann Hypothesis is true for the zcta- function of an 
algebraic function field over a finite field. 

Another powerful analytic technique in number theory is the estimate for exponential sums, one of 
which is known as the Kloosterman sum, playing an important role in modern analytic number theory. 
Let c be a positive integer, for any integers m, n, the classical Kloosterman sum is defined by 



a mod c 
gcd(a,c) — 1 



ma + na 



where e{x) — e^'^*^ and a is the multiplicative inverse of a mod c. 

In this paper, we consider a special and usually the most important case of (1), that is 



f[x) ~ mx H . 

X 

To be precise, we shall study the character sum 

(3) A^(m,n,I;q) ^ ^ x{ma + na), 

gcd(a,(j) = l 

which is the analogue of the Kloosterman sums. Here I is a subinterval oi [x + l,x + q] for some integer 

X. 

For I = [x + l,x + q], the sum (3) is said to be complete, in which case we write A^{m,n,I; q) = 
A^(m, n; q) for short, and for I being the proper subset of [x + l,x + q], the sum (3) is said to be partial 
(or incomplete). Clearly, the complete sum A^(77i, ti; g) enjoy the multiplicity property 

k^{m,n;qiq2) = Ay,^{m,n; qi)A^^{m,n; q2) 

for gcd(gi, 92) 1, Xi mod qi and X2 mod 92 with X1X2 = X- 

For convenience in the following paragraphs, we introduce the definition on completely even characters. 

Definition 1. Let q be a positive integer and x o, Dirichlet character mod q. Suppose q = ni<i<s-Pr' 
the canonical decomposition of q and x ~ ni<i<s Xi with Xi mod p"' for each i. // Xi(^l) ~ 1 foi" each 
i, then we shall call x 0, completely even character mod q. 

If x(^l) = we have 

A^{m,n;q)= ^ xi^a + na) ^ ^ xi-ma - na) = -A^{m,n;q), 

a mod q a mod q 

hence A^(m, n; q) = 0. From the observation and the multiplicity property, we find that A^(m, n; q) must 
vanish unless x is a completely even character mod q, which we always assume during the investigation 
of A^(to, n; q). 

For the individual sum, J. Yang and Z. Y. Zheng [YZ] obtained the following upper bound for the 
complete sum 

(4) max|Ax(m,n;g)| gi/22"(9) 

m.n 
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for an arbitrary integer q ^ 3 and a nontrivial character x mod q. By Fourier technique or completing 
method, and the estimates for mixed exponential sums due to T. Cochrane and Z. Y. Zheng [CZ], we 
can deduce that 

(5) max|A^(m, < 

In order to illustrate the optimization of the estimate (4), we consider the second moment of the 
complete sums 

^(X,9)= \^xim,n]q)f. 

m.n mod q 

By the standard methods, we will prove in Section 2 an calculation formula for /C(x,q). To be precise, 
we can state that 

Theorem 1. Let q ^ 3 be a positive integer and x o, completely even primitive character mod q. Then 
we have 

y mod q 
y'' = l( mod q) 

Moreover^ JC{x^q) vanishes if S\q, and for S ] we have 

This shows that /C(x, q) is of the order of magnitude q'^^^ for any completely even primitive character 
mod q under certain assumptions, which yields the estimate (4) is rather sharp. The upper bound saves 
a factor 2^^'^^ compared with the trivial conclusion from (4). 

Following a similar idea to the proof of Theorem 1 in Section 2, we can also conclude the following 
general result. 

Theorem 2. If {Xa} is bounded, then we have 

2 

m,n mod q a mod q 

In some applications, one may have to deal with the bilinear form 

B^{A,M,N;a,P,q) = E E E am/3nX("ia + na), 

where a = (am) and /3 = (/?„) are complex coefficients. From the Cauchy-Sehwarz inequality and (5), 
one easily obtains 

/ 2^ 1/2 

\B^{A,M,N;a,P,q)\^\\a\\m\( ^ ^ X* x("ia + na) 

(6) «\\a\\\\mMNq)'/\^, 

where || ■ || denotes the ^2-iiorm. In Section 3, we shall prove a much better estimate for the bilinear 
form. 

Theorem 3. For an arbitrary integer q ^ 3 and primitive character x mod q, we have 

B^{A,M,N;a,P,q) « \\a\\m\N^/\^^\'^\q)\og\, 

provided that each prime factor of q is ^ log"' N for a given 7 > 1 . Here the implied constant depends 
only on 7. 

Notation. The following notation will be used throughout this paper. 



e{x) = exp(27rzx) = e 



27rix . 
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• gcd(a, b) denotes the greatest common divisor of a and b; 

• f = 0{g) (/ ^ g) means |/| ^ eg for some unspecified positive constant c; 

• X ~ X means X < x ^ 2X; 

• ip{q) and T{q) denote tlie Euler function and divisor function, respectively; io{q) denotes the 
number of distinct prime divisors of q and P{q) denotes the greatest prime divisor of q; 

• II • II denotes the ^2-norm; 

• L^(R) denotes the set consisting of all the complex- valued Lebesgue integrable functions over K; 

E* 
denotes the sum restricted to a reduced residue system mod q; 

a mod q 

Throughout this paper, the summations and integrals without the limitation of the range stand for 
the ones over the whole range, from —oo to +00. To be precise, 

and / / (.(d. := / /(.)d.. 



2. Moments of the complete sums 
In this section, we shall deal with the second mean value of the complete sums 



x{ma + no) 

a mod q 



nx,q)- EH 

rn,n mod q 

under the assumption that x is a completely even primitive character mod q. 
First, we shall list some basic properties of Gauss sum 



a mod q 

Lemma 1. For an arbitrary character x mod q, we have 



na 

q 



If X is primitive, then 
and 

Since we have 



G(l,x) = x(-l)G(l,x). 
G(n,x) =x(")G(l,x) 

|G(i,x)Hg'/'. 

^ X{rna + n-a)= ^ x(c) ^ 1, 



a mod q 



c mod q a mod q 

'rna'\'na=c{ mod q) 



we obtain 
(7) 



c^d mod q 



a,b mod q m,n mod q 

ma-\-rLa=c{ mod q) 
'mb-\-nb=d( mod q) 



Now the system of congruences 

{ax + ay = c (mod q) 
bx + by = d (mod q) 
is solvable in integers x and y, if and only if 

gcd(a'^ — 6^ , g) I {ad — be) , 
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in which case the number of solutions (x, y) is gcd(a^ ^ b^,q). With this observation in mind, we obtain 
from (7) that 

^(X' 1) = E* E* X{c)xid) E* E* Scd{a' -h\q) 

c.d mod q a,b mod q 

gcd{a'^-b^,q)\{ad-bc) 

= T.^Y.*T.*xicmd) E*E* i 

£\q c.d mod q a.b mod q 

a^ = b'^{ mod £) 
ad=bc{ mod 

gcd(^t^4) = l 

= E^ E E*E* 

y mod a,fc mod q 



a=by{ mod J 
- — 't) 



gcd(iil^,f) = l 



where 



C{y;i,q):^ E x(c)x(d). 



c,cZ mod q 
c=dy{ mod 



The next goal is to calculate the character sum C(y; q) for each and y mod For each divisor i 
of g, 



ciyJ,<i)-] E E*x(^)Mt) E*x(c^)e(^ 

A; mod £ c mod g d mod q 

1 ^* fkcq/f\ M-^* (-kdyq/i\ 



\ Q J ^ — ' \ Q J 

k mod £ c mod q d mod <? 

Since x primitive mod g, thus from Lemma 1, we obtain that 

C{y;i,q) = jx"iqmx{y) E i' 

k mod £ 
gcd(fc,(j) = l 

where x° is the trivial character mod q. Therefore, C(y; ^, q) must vanish unless ^ = (? and gcd{y, q) — 1, 
in which case it equals to x{y)^{q)- 

Hence if x is primitive mod q and = Ij have 

K^ix,q) qfiq) E ^(2/) E E ^ 

y mod q a, 6 mod q 

a^=h^{ mod g) 
a=by{ mod g) 

= qf'^{q) E ^(2/)- 



y mod g 
y'^^l{ mod g) 



We have the multiplicative property 



y mod g x mod gi ^ mod g2 

y"^ = l( mod g) a;^^l( mod gi) s^ = l( mod g2) 

for g = ^'1^2, gcd(gi, ^2) — 1,X mod gi,X2 mod g2 and X1X2 = X- Now the problem reduces to the case 
of prime power moduli. 
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For q — p", s ^ l,p ^ 3, the equation = l(modg) is equivalent to y = ±l(modg), in which case 

y mod q 

y =1{ mod q) 

And for g = 2'"*, s ^ 3, the equation = 1( mod g) is equivalent to y = ±1 or ±l + 2^~"'^( mod g), in which 
case 

J2 x(y) = 2 + 2x(i + 2-^-1). 

y mod q 
y^ = l{ mod q) 

From the definition of primitive characters we find that x(l + 2^~^) 7^ 1, thus x(l + 2^"-^) = —1, which 
yields 

y mod g 
mod q) 

for g = 2*,s ^ 3. And for g = 2 or 4, it is easy to check that the character sum is equal to 1 or 2 
correspondingly. 

To sum up, we have obtained 

[l, 9 = 2, 

E x(2/)=<2, q = 4orp^0 1,P>3, 
ynodQ [o, (7 = 2^s^3. 

y =1{ mod q) 

Hence we have JC{x, g^) = if 8|g, and for 8 | we have 

<z^2(g) ^/C(x,<z) s;g^'(g)2'^(«). 

This completes the proof of Theorem 1. 



3. Estimate for the bilinear form concerning the incomplete sums 
This section focuses on the upper bound of the bilinear form 

B^{A,M,N;a,l3,q) ^ E E E "nl/^nX("^a + na). 

We always assume that x is primitive mod q in this section. 

3.1. Some notations and preliminary results. We first introduce the Fourier transform and Poisson 
summation formula. Suppose / G iy^(M), the Fourier transform of / is defined by 



/(A) = J f{x)ei~Xx)dx. 

If /, / G i^(R), and have bounded variance, then we have the following Poisson summation formula 

(8) E/W = E/M- 

n m 

In fact, we shall use an extended version of (8). 

Lemma 2 (See [IK], p. 70). Let /, / G i^(R), and have bounded variance, v > and u be fixed real 
numbers. Then 



e 



V / 
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Now we turn to prove Theorem 3. Let be a smooth fmrction supported in [A, 2A] with value 1. We 
can assume the derivations satisfy 

the imphed constant in ^ depends only on £. We have t]{0) ^ A, and from the alternative integration 
by parts, we obtain for A 7^ that 



r2A 



A 



J A 

for each k ^ 1. Hence we can find that 

(9) ^(A) « A{1 + |A|A)-'= 

for any k ^ 0. 

Now we introduce another test function ^ which is smooth and supported in [M, 2M] with value 1. 
Suppose its derivatives satisfy 

^^'Hx)^M-', 00, 

the implied constant in <C depends only on £. Moreover, we have ^(A) ^ A/(l + |A|-A/)^'^ for any fc ^ 0. 
We require an identity concerning primitive characters. 

Lemma 3. Let q be a positive integer and x 0, primitive character mod q. Then we have 

-TT V X(ca + 0) = < 

^ 0, q\c. 

a mod q ^^ ;> i i 

Proof. By the Mobius inversion formula, we obtain that 

x{ca + b) = -^ Y.^^(d) xicda + b) 

^^^'amodq ^ ' d\q a mod (q/d) 

^^^^ d\q imodq a mod (q/d) 

cda-\-b=i( mod q) 



a mod {q/d) 



/ kca 



'^^^^fcmodg V / (Jig fmodg ^ ^ 

Since x is primitive mod q, then from Lemma 3, we have 

^^^^amodg ^^^^ /c mod 9 

q/d\c 



d\q 

q/d\c 
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In fact, 



d \ ' p 

d\q 
q/d\c 

where 

'l, / I c, 



Up") 



0, /tc, 



for each prime p and positive integer k. 

Hence for each p with p"||(7, W must vanish if p" \ q. Hence the sum in question must vanish if q \ c. 
The case for g | c is also vahd on observing that ip{q) — X](if=(j dfi(£) as required. □ 

We also require an estimate for complete exponential sums for polynomials. 

Lemma 4. Let q be a positive integer and f{x) ~ ax^ + fea; G Z[a;]. Then we have 

J2* efM\ «gi/2ged(a,5)i/22"('^). 

X mod q 

Proof. According to the estimate due to N. M. Korobov [K], 

X mod q 

we derive from the Mobius inversion formula that 

' ax^ + bx ^ 



X mod q d\q x mod q 

d\x 



q 



E, v-^ ( adx^ + bx\ 

d\q X mod q/d 

« E gcd(ad, q/d)'/^ 

d\q 

d\q 

= gi/2gcd(a,g)i/22-(9). 

This completes the proof of the lemma. □ 

3.2. Completing the summation over m. Now we begin to estimate the bilinear form. From Lemma 
2, we have 

x{ma + ria) = (j){a)xima + no) 

a~A a 

= E^ x(ma + na) 0(a + 6g) 

a mod q fc 



a mod q \ ^ / 



Hence we have 

(10) M, iV; a, /3, g) = i E (-) (M, N; a, ^, z/, q), 
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with 



S*(M,iV;a,/3, zy,(j) = ^ ^ "mAi ^ x(wa + na)e ( — j =: 6* . 

m-^AI 7i^N a mod q \ ? / 

From the Cauchy-Schwarz inequality and Lemma 3, we have 



m~ A/ 

Recalling the definition of we have 



^ X("^a + na)e ( — 



nr^N a mod q 



leil'^ll-U'Efl") 



nr-^N a mod g 



n^N a mod g 



m mod g 



km 

q 



From the upper bound (9), we have 



<C q\ogq, 



thus we can get 



logg ^ 

m mod q 



n~A^ a mod q \ ^ / 



laflogq^^ ^* 



(11) 



ni^n-2^N a, 6 mod g 

X x(7Tia + nia)x(m-fe + fi2^)- 

m mod g 



Changing variables iterativcly, we obtain 

X('^a + nia)x{mb + n-zb) = ^ x(to + nia)x{mab + n^b) 

m mod g m mod q 

= x(m)x(ma6 + ?i2^ — n{a^b) 

m mod q 

E* 
x(a6 + (^26 — nia^b)m). 

m mod g 

From Lemma 3, we obtain that the summation above vanishes unless n2a^ = nib^ (mod q), in which 
case the sum can be reduced to (p{q)x{ab). Hence the right-hand side of (11) is just 



ni .n2^N 



a.b mod q 



i'{a — b) 



(12) 



< ||af ||/3||V(g)logg JiL,P;<^,q), 

L^log g 
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where 



7i^N a mod q 

na^ =ii mod q) 



3.3. Estimate for J{L, j3; z/, q). We shall estimate ^; q) beginning with the ideas from the sieve 
technique. For each £, we have 



E/3n E* X(a)e^ 

w^N a mod q 

na'^=£{ mod q) 



E E* X(a)e ^ 

7i^N a mod g 

gcd(n,r)-l ^a2=£(modq) 



E/^« E* X(a)en^ 



n^N a mod g 



9 / 



where r is the product of primes, 

Here 7 > 1 is a given constant, i? G 7?. is a parameter to be chosen later, 7?. is a finite set such that 

E ^ ^ p ^ ^ 

R£TZ,R>2N ^ Ren.R>2N 

p\r 

holds for any prime p with p > log''' TV, and 

^/ ^\Pn, if gcd(n,r) > 1, 
" 1 0, otherwise. 

From the definition of r we see that gcd(ri, r) = 1 is equivalent to P{n) ^ log^ where P{n) denotes 
the greatest prime factor of n. Hence we obtain from the inequality \x + ^ 2(|a;p + \y\'^) that 



E/3^ E* X(a)e ^ 

nr^N a mod q 

710^ =i{ mod q) 



^ 2 



E E ^ 

n^N a mod q 

P(ri)^log^W na^=e{modq} 



+ 2 



n^N a mod g 

na^ =i{ mod q) 



Summing over i we arrive at 

(13) /?; (?) < 2J{R, i, /3; i^, g) + 2J{L, /?'; z., g), 

where /?' = (/3^), and 



^ /3„ ^* x(a)^ 

nr^N a mod g 

P(n)«;iog^JV „a"=£(modg) 



MEAN VALUES OF CHARACTER SUMS ANALOGUE OF KLOOSTERMAN SUMS 



11 



Suppose r]{£) is a smooth function supported on (e^/2,e^] such that r]^'^\£) <C e *^ for all i ^ 0. 
Then 



n.r^N a mod q 



After squaring out and changing the order of summation, we obtain from the Poisson summation 
formula that 



J{R,L,P;i.,q)^ EE l^-^^n, E*E* ^(«^)^ 

a,b mod q 



P(niTi2)^log^ TV 



z/(a — 6) 



I EE 



E E X(a6). 

Tii,n2~-/V a,b mod q 

P(nin2)sSlog^ AT 



9 
9 



) E ^(^) 



^— nia^( mod g) 



E^ 



q 



P(nin2)^log^ AT 



EE /^"A^E^^ E x(y)E 



e 



y mod q 



a mod g 



Since q has no small prime divisors, that is each prime factor of g is ^ log"*" N, then we have 
gcd(nin2,(?) = 1 for P{nin2) ^ log"*^ A^. From Lemma 4 and the estimate 



E 

1^1 



V - 
q 



jcd(^,g)^/2 ^<7T(g) logq. 



we find that 



^(i?,L,/3;z.,q)«e^ EE MPn,] E* ^ 



ni ,n2~ A'' 
gcd(nin2,Q)^l 



y mod q 
7iiy^=n2( mod 



^-i/24.(,) j2y: 



ni ,?i2 
gcd(nin2,g) = l 



£ 



gcd(£, q) 



1/2 



(14) < ||/3f iVqi/V3(g)logg. 

Let V(e^,7V) denote the norm of the linear operator given by the matrix with the {£, n)-th entry 



E ^(«) 

a mod q 
na^=t{ mod q) 



with I ^ and n ^ N. Thus 

J(E,L,/5;z/,g)^||/3fV(e^,A^) 
for any complex numbers (/3„). This together with (13) and (14) yields 

(15) J(L, /?; i^, g) « ||/3f iV<z^/V3(g) log q + ||/3'f V(e^, iV). 

By the definition of /?', we have 

E rf- E E i/5"P = E 1/^-1' E 1 



ReTl,R>2N 



Ren.R>2N n^N 

gcd(n,r)>l 



gcd(n,r) > 1 
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n^N p\n ReH,R>2N 

p^log^ N p\r 

«Ei/3»P E ^ E 1 

n~JV p\n ^ RGn,R>2N 

^ R£n,R>2N ' nr^N " 

^^(logiV)i-''( 5] l)||/3f. 
^ Ren,R>2N ' 

Hence we can always choose R ^ TZ, R > 2N such that 

ll/3'f «||/3f(log7V)i^^ 

from which and (15), we obtain that 

J{L, P; V, q) « m\\Nq^/\^q) logg + V{e\ N){\og N)^-^) 
holds for any complex numbers (/3„). In other words, 

V(e-^ , A^) < iVg^/ (g) log g + V(e^ , iV) (log A^) , 

which gives 

V(e^,iV) <iVgi/V3(g)log(7. 

Hence we conclude the estimate 
(16) JiL,P;i^,q) « 7Vgi/2^3(g)logg. 

3.4. Conclusion. Combining (12) and (16) we obtain that 

B*^«\\a\mN'^V^^r^^\q)\ogq, 

which together with (10) yields 

B^{A,M,N;a,l3,q) « \\a\\m\N'^^q'^'r'^'{q)^og' q. 
This completes the proof of Theorem 3. 



4. Final remarks 

Regarding the bilinear form, if each prime factor of q is of the size 3> log'' (M + N) , then by symmetry, 
we have 

B^iA,M,N;a,P,q) « \\a\\m\miniM'^^ , N'/^)q^/^T'/\q)log' q, 

which is better than (6) in the case of M + iV 3> g^/^+^. Also, if /? = (/?„) is supported on the integers n 
with gcd(n,q) ~ 1, the proof of Theorem 3 becomes much simpler and it is not necessary for q to have 
no small divisors. One finds that the estimate in Theorem 3 also holds for arbitrary a and such 13. 
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